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The relative sensitivity of 𝑦 to ૐ is deफ़ned asલ𝑦ૐ = ൧𝑦/𝑦൧ૐ/ૐ = (൧𝑦൧ૐ) ૐ𝑦 (1)

and is useful for optimizing component values in फ़lter designs. Designing for low
sensitivity is a way to minimize variations in फ़lter parameters due to component
tolerances.

1 Low-Pass Filter
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Fig. 1. Sallen-Key low-pass फ़lter schematic.
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ધ (ો) = ધ0 1ો2/൦02 + ો/ (൦0ર) + 1 (2)ધ0 = પ = 1 + ઱B/઱A (3)൦0 = 1√઱1઱2ઢ1ઢ2 (4)ર = √઱1઱2ઢ1ઢ2(1 − પ) ઱1ઢ1 + (઱1 + ઱2) ઢ2 (5)
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Fig. 2. Sallen-Key low-pass फ़lter Bode plot.
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1.1 sensitivityલ൦0઱1 = લ൦0઱2 = લ൦0ઢ1 = લ൦0ઢ2 = −12 (6)લ൦0઱B = લ൦0઱A = 0 (7)લર઱1 = −લર઱2 = ൦0ર઱2ઢ2 − 12 (8)લરઢ1 = −લરઢ2 = ൦0ર (઱1ઢ2 + ઱2ઢ2) − 12 (9)લર઱B = −લર઱A = ൦0ર (પ − 1) ઱1ઢ1 (10)

1.2 components as ratios ઱1 = ૅ઱઱2 = ઱ઢ1 = ૆ઢઢ2 = ઢ (11)

൦0 = 1઱ઢ√ૅ૆ (12)ર = √ૅ૆(1 − પ)ૅ૆ + ૅ + 1 (13)

1.2.1 Minimizing Resistor Sensitivityલર઱1 = લર઱2 = 0 for ൦0ર઱2ઢ2 = 1(1 − પ)ૅ૆ + ૅ + 1 = 12૆ = ૅ − 1(પ − 1)ૅ .
(14)

Substituting ૆ into ર and solving for ૅ,ૅ = 1 + 4ર2 (પ − 1) , (15)⟹ ૆ = 4ર21 + 4ર2 (પ − 1) . (16)

3



If ઢ is chosen, then ઱ can be calculated from ൦0 as઱ = 12൦0રઢ . (17)

1.2.2 Minimizing Capacitor Sensitivityલરઢ1 = લરઢ2 = 0 for ൦0ર (઱1ઢ2 + ઱2ઢ2) = ૅ + 1(1 − પ)ૅ૆ + ૅ + 1 = 12 . (18)

However, the ratio expression has a minimum value of 1, so the minimum capacitor
sensitivity is લરઢ1 = −લરઢ2 = 1/2 and occurs when પ = 1.
1.2.3 Monte Carlo Simulation

The circuit used to generate the plot was designed for પ = 1, ൦0 = 2π ⋅ 1000,
and ર = √2 (Fig. 3). The resistor and capacitor tolerances were set to 1% and 5%,
respectively.
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Fig. 3. Sallen-Key low-pass फ़lter Bode plot of 100 Monte Carlo samples.
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1.3 resistors as ratios and equal capacitors઱1 = ૅ઱઱2 = ઱ઢ1 = ઢ2 = ઢ (19)

൦0 = 1઱ઢ√ૅ (20)ર = √ૅ(2 − પ)ૅ + 1 (21)

If ઢ is chosen, then ૅ = 4ર2[1 + √1 + 4ર2 (પ − 2)]2 , (22)

઱ = 1 + √1 + 4ર2 (પ − 2)2൦0રઢ . (23)

1.4 equal components ઱1 = ઱2 = ઱ઢ1 = ઢ2 = ઢ (24)

൦0 = 1઱ઢ (25)ર = 13 − પ (26)
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2 High-Pass Filter
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Fig. 4. Sallen-Key high-pass फ़lter schematic.

ધ (ો) = ધ0 ો2/൦02ો2/൦02 + ો/ (൦0ર) + 1 (27)ધ0 = પ = 1 + ઱B/઱A (28)൦0 = 1√઱1઱2ઢ1ઢ2 (29)ર = √઱1઱2ઢ1ઢ2(1 − પ) ઱2ઢ2 + ઱1 (ઢ1 + ઢ2) (30)
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Fig. 5. Sallen-Key high-pass फ़lter Bode plot.

2.1 sensitivityલ൦0઱1 = લ൦0઱2 = લ൦0ઢ1 = લ൦0ઢ2 = −12 (31)લ൦0઱B = લ൦0઱A = 0 (32)લર઱2 = −લર઱1 = ൦0ર (઱1ઢ1 + ઱1ઢ2) − 12 (33)લરઢ2 = −લરઢ1 = ൦0ર઱1ઢ1 − 12 (34)લર઱B = −લર઱A = ൦0ર (પ − 1) ઱2ઢ2 (35)

2.2 components as ratios ઱1 = ૅ઱઱2 = ઱ઢ1 = ૆ઢઢ2 = ઢ (36)
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൦0 = 1઱ઢ√ૅ૆ (37)ર = √ૅ૆(1 − પ) + ૅ (1 + ૆) (38)

2.2.1 Minimizing Capacitor Sensitivityલરઢ2 = લરઢ1 = 0 for ൦0ર઱1ઢ1 = ૅ૆(1 − પ) + ૅ (1 + ૆) = 12૆ = (1 − પ) + ૅૅ .
(39)

Substituting ૆ into ર and solving for ૅ,ૅ = 14ર2 + (પ − 1) , (40)⟹ ૆ = 11 + 4ર2 (પ − 1) . (41)

If ઢ is chosen, then ઱ can be calculated from ൦0 as઱ = 2ર൦0ઢ . (42)

2.2.2 Minimizing Resistor Sensitivityલર઱2 = લર઱1 = 0 for ൦0ર (઱1ઢ1 + ઱1ઢ2) = ૅ (1 + ૆)(1 − પ) + ૅ (1 + ૆) = 12 . (43)

However, the ratio expression has a minimum value of 1, so the minimum resistor
sensitivity is લર઱2 = −લર઱1 = 1/2 and occurs when પ = 1.
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2.2.3 Monte Carlo Simulation

The circuit used to generate the plot was designed for પ = 1, ൦0 = 2π ⋅ 1000,
and ર = √2 (Fig. 6). The resistor and capacitor tolerances were set to 1% and 5%,
respectively.
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Fig. 6. Sallen-Key high-pass फ़lter Bode plot of 100 Monte Carlo samples.

2.3 resistors as ratios and equal capacitors઱1 = ૅ઱઱2 = ઱ઢ1 = ઢ2 = ઢ (44)

൦0 = 1઱ઢ√ૅ (45)ર = √ૅ(1 − પ) + 2ૅ (46)
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If ઢ is chosen, then ૅ = [1 + √1 + 8ર2 (પ − 1)]216ર2 , (47)઱ = 4ર[1 + √1 + 8ર2 (પ − 1)] ൦0ઢ . (48)

2.4 equal components ઱1 = ઱2 = ઱ઢ1 = ઢ2 = ઢ (49)

൦0 = 1઱ઢ (50)ર = 13 − પ (51)

3 Band-Pass Filter
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Fig. 7. Sallen-Key band-pass फ़lter schematic.
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ધ (ો) = ધ0 ો/ (൦0ર)ો2/൦02 + ો/ (൦0ર) + 1 (52)પ = 1 + ઱B/઱A (53)ધ0 = પ1 + (1 − પ) ઱1/઱3 + (઱1/઱2) (1 + ઢ1/ઢ2) (54)൦0 = √1 + ઱1/઱3√઱1઱2ઢ1ઢ2 (55)ર = √1 + ઱1/઱3 ⋅ √઱1઱2ઢ1ઢ2[1 + (1 − પ) ઱1/઱3] ઱2ઢ2 + ઱1 (ઢ1 + ઢ2) (56)
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Fig. 8. Sallen-Key band-pass फ़lter Bode plot.
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3.1 sensitivity

લધ0઱1 = ધ0પ − 1 (57)લધ0઱2 = ધ0પ ⋅ ઱1઱2 (1 + ઢ1ઢ2 ) (58)લધ0઱3 = ધ0પ ⋅ ઱1઱3 (1 − પ) (59)લધ0ઢ2 = −લધ0ઢ1 = ધ0પ ⋅ ઱1ઢ1઱2ઢ2 (60)લધ0઱B = −લધ0઱A = (ધ0઱1઱3 + 1) પ − 1પ (61)લ൦0઱1 = − ઱32 (઱1 + ઱3) (62)લ൦0઱2 = લ൦0ઢ1 = લ൦0ઢ2 = −12 (63)લ൦0઱3 = − ઱12 (઱1 + ઱3) (64)લ൦0઱B = લ൦0઱A = 0 (65)લર઱1 = લધ0઱1 + લ൦0઱1 + 1 (66)લર઱2 = લધ0઱2 + લ൦0઱2 (67)લર઱3 = લધ0઱3 + લ൦0઱3 (68)લરઢ2 = −લરઢ1 = લધ0ઢ2 + લ൦0ઢ2 (69)લર઱B = −લર઱A = લધ0઱B + લ൦0઱B − પ − 1પ (70)

3.2 components as ratios ઱1 = ૅ઱઱2 = ૆઱઱3 = ઱ઢ1 = ેઢઢ2 = ઢ (71)
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ધ0 = પ1 + (1 − પ)ૅ + (1 + ે) ૅ/૆ (72)൦0 = √1 + ૅ઱ઢ√ૅ૆ે (73)ર = √1 + ૅ ⋅ √ૅ૆ે[1 + (1 − પ)ૅ] ૆ + ૅ (1 + ે) (74)

3.2.1 Minimizing Resistor and Capacitor Sensitivitiesલર઱1 = 11 + (1 − પ)ૅ + (1 + ે) ૅ/૆ − 12 (1 + ૅ) (75)લર઱2 = (1 + ે) ૅ/૆1 + (1 − પ)ૅ + (1 + ે) ૅ/૆ − 12 (76)લર઱3 = (1 − પ)ૅ1 + (1 − પ)ૅ + (1 + ે) ૅ/૆ − ૅ2 (1 + ૅ) (77)લરઢ2 = −લરઢ1 = ૅે/૆1 + (1 − પ)ૅ + (1 + ે) ૅ/૆ − 12 (78)

Minimizing the component sensitivities is more easily solved numerically with
constraints set on the upper and lower bounds of the component ratios.
If ઢ is chosen, then ઱ can be calculated from ൦0 as઱ = √1 + ૅ൦0ઢ√ૅ૆ે . (79)

3.2.2 Example MATLAB Script

1 %% Specifications
2
3 K = 1;
4 H0 = 0.5;
5 w0 = 2*pi*1e3;
6 Q = sqrt(2);
7 C = 10e-9;
8
9 %% Sensitivity optimization
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10
11 x0 = ones(1, 3); % Initial values for m, n, and o
12 lb = 0.01*ones(1, length(x0)); % Lower bound
13 ub = 100*ones(1, length(x0)); % Upper bound
14
15 fun_wrapper = @(x) fun(x, K);
16 nonlcon_wrapper = @(x) nonlcon(x, K, H0, Q);
17 [x, fval] = fmincon(fun_wrapper, x0, [], [], [], [], lb, ub,

nonlcon_wrapper);
18
19 m = x(1);
20 n = x(2);
21 o = x(3);
22 R = sqrt(1 + m)/(w0*C*sqrt(m*n*o));
23
24 %% Functions
25
26 function f = fun(x, K)
27 m = x(1);
28 n = x(2);
29 o = x(3);
30
31 H0_K = 1/(1 + (1 - K)*m + (1 + o)*m/n);
32 S_Q_R1 = H0_K - 1/(2*(1 + m));
33 S_Q_R2 = H0_K*((1 + o)*m/n) - 1/2;
34 S_Q_R3 = H0_K*((1 - K)*m) - m/(2*(1 + m));
35 S_Q_C2 = H0_K*(m*o/n) - 1/2;
36 S_Q_C1 = -S_Q_C2;
37
38 % Sum of all the absolute sensitivities to be minimized
39 f = abs(S_Q_R1) + abs(S_Q_R2) + abs(S_Q_R3) + abs(S_Q_C1)

+ abs(S_Q_C2);
40 end
41
42 function [c, ceq] = nonlcon(x, K, H0, Q)
43 m = x(1);
44 n = x(2);
45 o = x(3);
46
47 c = [];
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48
49 % Constrain the parameters to meet the specified H0 and Q
50 ceq(1) = H0 - K/(1 + (1 - K)*m + (1 + o)*m/n);
51 ceq(2) = Q - (sqrt(1 + m)*sqrt(m*n*o))/((1 + (1 - K)*m)*n

+ (1 + o)*m);
52 end

3.2.3 Monte Carlo Simulation

The circuit used to generate the plot was designed for પ = 1, ધ0 = 0.5, ൦0 =2π ⋅ 1000, and ર = √2 (Fig. 9). The resistor and capacitor tolerances were set to 1%
and 5%, respectively.
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Fig. 9. Sallen-Key band-pass फ़lter Bode plot of 100 Monte Carlo samples.

3.3 equal capacitors and k = 1ઢ1 = ઢ2 = ઢપ = 1 (80)
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ધ0 = 11 + 2઱1/઱2 (81)൦0 = √1 + ઱1/઱3ઢ√઱1઱2 (82)ર = √1 + ઱1/઱3 ⋅ √઱1઱22઱1 + ઱2 (83)

If ઢ is chosen, then ઱1 = રધ0൦0ઢ , (84)઱2 = 2ર(1 − ધ0) ൦0ઢ , (85)઱3 = (1 − ધ0) ર(ધ 20 − ધ0 + 2ર2) ൦0ઢ . (86)

3.4 equal components ઱1 = ઱2 = ઱3 = ઱ઢ1 = ઢ2 = ઢ (87)

ધ0 = પ4 − પ (88)൦0 = √2઱ઢ (89)ર = √24 − પ (90)
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